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Emperical Model of the Microwave Properties
of High-Temperature Superconductors

Orest G. Vendik,Member, IEEE, Irina B. Vendik,Member, IEEE, and Dimitri I. Kaparkov

Abstract— This paper presents simple correct models of
high-temperature superconductor (HTS) film parameters at
microwave frequencies. The models are based on the enhanced
two-fluid model of a superconductor. The quasi-particle
scattering and peculiarities of the normal conductivity of the
HTS at microwaves, including residual resistance of a material,
are taken into account. The difference between the known Gorter
and Casimir two-fluid model of low-temperature superconductor
and the enhanced two-fluid model of HTS is proven. A simple
quasi-static model of current distribution across the microstrip
line and coplanar waveguide is used for a simulation of a
contribution of the superconductor transport processes into
impedance per unit length of the transmission lines considered.
The models developed were applied to a simulation of microstrip
line and coplanar waveguide resonators. Good agreement of
simulated results and measurements in a wide temperature range
has been demonstrated. The model presented can be considered
as a starting point for the formation of the computer-aided
design (CAD) package of HTS microwave components.

Index Terms—High-temperature superconductors, modeling,
superconducting films, superconducting transmission lines, sur-
face impedance.

I. INTRODUCTION

M ODELING surface impedance of high-temperature ()
superconductors (HTS’s) is an important component

of a computer-aided design (CAD) of microwave devices
which are intended for use at the liquid nitrogen temperature.
Many attempts to find an adequate description of the surface
impedance of the high- superconductors as a function of
temperature and frequency are known [1]–[12]. The problem
is complicated by the absence of an accomplished theory of
the high- superconductivity. Engineers are faced with the
necessity to describe a phenomenon in the situation when
the nature of the phenomenon has not been theoretically
explained. A description that is quantitatively adequate to
the macroscopic properties of the phenomenon, but not using
its microscopic nature, is referred to as a phenomenological
model. There are many known phenomenological models of
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phenomena used in electronics and electrical engineering.
Such models successfully serve in the cases when there is no
theoretical model of the phenomenon or the rigid theory of it is
very complicated to be understand and used. The goal of this
paper is to formulate the requirements to the phenomenological
description and to select the most favorable phenomenological
description of the high- superconductors.

II. REQUIREMENTS TOMODEL DESCRIPTION

BASED ON A PHENOMENOLOGICAL THEORY

A phenomenological theory can be used as a basis of an em-
pirical model of the phenomenon. The following requirements
to the model can be formulated:

1) model is founded on simple physical ideas;
2) model is in a reasonable agreement with known exper-

imental data;
3) model comprises simple and correct formulas;
4) within specified limits of the variables employed, the

model obeys the laws of the fundamental physics;
5) model can be easily inserted into CAD systems which

are in common use.

As a brilliant example of a phenomenological approach to
the nature of superconductivity, the Gorter and Casimir two-
fluid model of a superconductor can be considered. The Gorter
and Casimir two-fluid model was suggested in 1934 when
the rigorous theory of superconductivity had not yet been
contemplated.

The principal idea of the two-fluid model consists of the
description of the electron subsystem of a superconductor in
a form of two noninteracting fluids: the superconducting fluid
(S-fluid) formed by the charge carriers in the superconducting
state and the normal fluid (N-fluid) formed by the charge
carriers in the normal state. It is worth mentioning that the
charge carriers in the normal state are often called quasi-
particle excitations as well.

III. T WO-FLUID MODEL OF A SUPERCONDUCTOR

The starting point of the two-fluid model is a suggestion
about temperature dependence of densities of the charge
carriers in the S- and N-states. The simplest form of these
dependencies is given by the following empirical relations:

for
for

for
for

(1)
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where is the temperature, is the critical temperature,
is the total electron density in the superconductor, andis
an exponent.

For conventional superconductors such as Pb, Sn, and
Nb which were known in the time when the Gorter and
Casimir model had been suggested, a good agreement with the
experiment was provided by . The value of the exponent

for the high- superconductors will be discussed later.
The is closely connected with the principal param-

eter of a superconductor —the penetration depth of a
magnetic field, so-called London penetration depth [13]

(2)

where and are charge and effective mass of an electron,
and is the free-space magnetic permittivity.

The London penetration depth can be measured experi-
mentally. The measurement of is a way to find the
experimental dependence of . That is why Section IV
of this paper is dedicated to the London penetration depth as
a function of temperature.

IV. L ONDON PENETRATION DEPTH

AS A FUNCTION OF TEMPERATURE

The dependence of the penetration depth of a mag-
netic field in high- superconductors has been studied exper-
imentally in many investigations [14]–[22]. These dependen-
cies are generally approximated in the binomial form

(3)

where is the penetration depth for .
The simplest theoretical model of the high-supercon-

ductors utilizing the idea of localized bosons (bipolarons)
undergoing Bose–Einstein condensation [23], [24] yields

. However this model is a rough approximation
and is best regarded as a phenomenological description
that is convenient in some cases for quantitative estimates
[1]–[4]. More rigorous study of the nature of high-
superconductors yields a dependence of similar to
that given by the Bardeen–Cooper–Schrieffer (BCS) theory.
However most theoretical studies based on a concept of gap
features in high- superconducting materials—two gaps
[19], gaps with nods [25], gapless model [26]—or on the
inhomogeneity or multiphase nature of the composition of
high- superconductors [19], [27], [28], arrive at the idea of
description of the dependence in the form (3).

It is worth discussing here the determination of the param-
eters , , and in [5] based on the experimental data
[14]–[18]. The experimental data were presented by the set
of pairs of numbers and . The sum of the squares of the
differences between the values ofmeasured at a temperature

and those calculated using (1) was compiled as follows:

(4)

where is the number of experimental points. The set of
parameters , , and is determined from the condition

TABLE I
CHARACTERISTICS OFYBCO FILMS BASED ON EXPERIMENTAL DATA [14]–[18]

of minimum . The reliability of the approximation was
estimated using the following sum:

(5)

As a test for the proposed procedure, the algorithm described
was applied to a traditional low-temperature superconduc-
tor—lead—experimental data being taken from [29]. The
following parameters were obtained: K,

nm, , which are in a very good
agreement with the commonly used Gorter–Casimir presenta-
tion for the traditional low-temperature superconductors. That
approves the reliability of the algorithm described.

The results of an analysis of the experimental results on
for a Y–Ba–Cu–O superconductor are presented in

Table I.
The data of Table I are in agreement with [20], where the

best fit of experimental data and the relation (3) based on
least-square estimation yields and nm.

The Y–Ba–Cu–O films studied experimentally may be clas-
sified into two groups: high-quality films nm,

K and low-quality films nm,
K.

The classification of the films according to their quality
agrees with the usual estimates. On the basis of the data
presented in Table I, it may be concluded that a phenomeno-
logical description of for the high-quality Y–Ba–Cu–O
films may be achieved for . For the low-quality films,

is more accurate. Among some experimental results,
one may find – . The smoother dependence of

for low-quality films may be attributed to broadening
of the phase transition caused by inhomogeneity of the phase
composition of the films.

Thus, the Gorter–Casimir relations (1) can be applied both
to the low-temperature superconductors with , and to
the HTS’s with – . The two-fluid model as applied
to HTS’s is called the “enhanced” or “modified” two-fluid
model [10], [30]–[34].

The dependence of for different values of and
is presented in Table II, and may be used as a guide for

orientation with actual values of the London penetration depth
at the different temperatures.

The row K corresponds to the liquid-nitrogen
temperature.
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TABLE II
LONDON PENETRATION DEPTH FORYBa2Cu3O7 (Tc = 90 K)

V. QUASI-PARTICLE SCATTERING AND NORMAL

CONDUCTIVITY OF HIGH- SUPERCONDUCTOR

Quasi-particles (normal electrons) do not take part in a
response of a superconductor on theelectric field because
the electric field equals zero inside of the superconduct-
ing body. The microwave electric field penetrates inward a
superconductor and initiates a motion of the quasi-particles.
In two-fluid approach, the qausi-particles are presented by the
N-state fluid. The response of the N-state fluid is characterized
by the normal conductivity of the material as follows:

(6)

where is the quasi-particle relaxation time, other nota-
tions were introduced before.

We suppose that the effective mass of the normal electrons
is constant and does not depend on temperature. The specific
feature of the HTS is that the normal conductivity of the HTS
is inversely proportional to the temperature at . The
simple explanation of such a dependence of on was
done by Mott [24]. The dependence of on at
is supported by the experimental results. The dependence of

on is determined by and . An appropriate
treatment [20] of the experimental data yields the numerical
results presented in Fig. 1. The following empirical formula is
suggested to fit the experimental data

(7)

where is the reduced temperature

(8)

and is an empirical parameter.
Fig. 1 illustrates (7) with s, ,

and .
Substituting from (1) and from (7) into (6)

yields

for
for

(9)

Fig. 1. The temperature dependence of the relaxation time�(t) in
comparison with the experimental results [20]. The model parameters
�(1) = 3:57 � 10�14 s, 
 = 1:5, and� = 10 are used.

Fig. 2. The temperature dependence of the normal conductivity�n(t)
in comparison with the experimental results [20]. The model parameters
�n(1) = 1:8 � 106 (
 � m)�1, 
 = 1:5, and� = 6:5 are used.

Fig. 2 shows (9) in comparison with the experimental results
[20].

In a perfect superconductor, the normal electron density
must be zero at the limit K. But in the real situation,

. The presence of nonpairing charge carriers at
K results in so-called residual resistance that characterizes

the properties of a superconductor at very low temperature.
The principal role of nonpairing charge carriers at
K in HTS was suggested by M̈uller et al. [35] and used in
“three-fluid model” by Kobayashi [6]–[9]. The contribution of
the “third” fluid into HTS response to the microwave field
was discussed later [4]. It was suggested that the nonpairing
charge carriers in HTS are situated in the O–Cu–O chains in
the Y–Ba–Cu–O crystal structure.
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At the temperature range , the contribution
of the “third” fluid in the high-temperature superconductor
chain response to the microwave field is covered numerically
by peculiarities of the temperature dependence of the quasi-
particle relaxation time. One can see that the empirical formula
(9) introduced in this section gives

for

for K

This enables one to say that the parameteris responsible
for the residual resistance of a superconductor.

VI. ELECTRODYNAMICS OF HIGH- SUPERCONDUCTOR

The Maxwell equations are the foundation of consideration
throughout this section:

(10)

where and are super- and normal-current densities.
Let us use the well-known kinetic formulas for the super-

and normal-current densities

(11)

where and are the drift velocities of the charge carriers
in the S- and N-states, respectively.

It is necessary to stress that the kinetic formulas (11) are
correct in the case when

(12)

otherwise the current arising from the change in time of
the accumulated charge and the current associated with the
diffusion of the charge carriers should be included in (11).1

The following Newton equation of motion is used:

(13)

where is the quasi-particle relaxation time.
Taking into account that the period of microwave oscilla-

tions is much higher than the quasi-particle relaxation time in
the temperature range (see Fig. 1), the term
with may be cancelled.

Thus, combining (11) and (13), one obtains

(14)
1We must note that in [11] and [12] where the authors use supposition, that

the derivative ofns with respect to time is not zero. The results obtained in
[11] and [12] seem quite reasonable as a pnenomenological description of a
superconductor at microwaves. But from the science–logic point of view, we
must say that they disobey the principles of the solid-state physics and cannot
be accepted.

Substituting (14) into the Maxwell equations yields the
following equations with the effective dielectric constant:

for

for
(15)

Here, the inequality is taken into account.
The wavenumber and the wave impedance for the

wave propagating in the superconducting medium can be
found. Doing this, we may replace by in the known
expressions . Thus

for

for
(16)

for

for
(17)

VII. SURFACE IMPEDANCE OF BULK OR

THIN-FILM SUPERCONDUCTINGSAMPLE

For a plane electromagnetic wave incident normally on the
sample surface, the ratio of to taken on the surface of
the sample is called the surface impedance. If the thickness of
the sample in the direction of the wave propagation is com-
parable with the London penetration depth, the interference
of the waves reflected from both sides of the sample should
be taken into account. If the back side of the sample is open
and the wave impedance of the superconducting medium is
extremely small in comparison with the wave impedance of
the vacuum, the surface impedance of the sample is

(18)

where and are determined by the expressions (16) and
(17).

The surface resistance and surface reactance can
be found using (16)–(18), dealing with the complex variables
considering as functions of temperature. In order to simplify
the calculation and to clarify the results, the series expansion
can be used. After some transformations, one obtains for

for (bulk sample)

for (thin film)

(19)

and

for (bulk sample)

for (thin film).
(20)
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(a)

(b)

Fig. 3. The temperature dependence of the (a) real and (b) imaginary parts of
the surface impedance for different model parameters� and
 calculated for
�n(1) = 106 (
 �m)�1, �L(0) = 0:17�m, d = 0:3 �m, andf = 10 GHz.

Given formulas yield the correct numerical results for
or for . The maximum error takes place at the

point and reaches there 9%.
Formulas (19) and (20) cannot be used in the point

where the binomial (3) gives . For crossing the point
, (21) and (22), shown at the bottom of the page, could

be suggested (in the case ).
Fig. 3 illustrates the dependencies given by (21) and (22).
Thus, the empirical (phenomenological) model of the mi-

crowave properties of an HTS sample is developed. In order to
provide a correct description of the microwave properties of an
HTS sample, five fitting parameters are used. The parameters
and their reasonable values for YBaCu O are presented in
Table III.

Fig. 4. Modeling surface resistance of HTS films atf = 19 GHz in accor-
dance with the experimental data [37]. Curve 1:Tc = 90 K, d = 0:3 �m,
�n(1) = 4:3�106 (
�m)�1, �L(0) = 0:17 �m,
 = 2, and� = 3:5. Curve
2:Tc = 90 K, d = 0:3 �m,�n(1) = 4:3�106 (
�m)�1,�L(0) = 0:17 �m,

 = 1:5, and� = 2:5.

TABLE III
TYPICAL PHENOMENOLOGICAL PARAMETERS OF YBCO FILMS

A set of experimental data for the surface resistance of the
HTS films was processed, with the results demonstrating a
good agreement between measured and simulated data [36].
Here, we use the experimental data for surface resistance of the
HTS films obtained by Kleinet al. [37]. Fig. 4 demonstrates
good agreement between measured and simulated data; the
fitting parameters are given in the legend to the picture.
Curve 1 corresponds to the measurement of the sample which
was kept after growing for a period of four days at room
temperature in dry air. The set of model parameters for this

for (N-state)

for (S-state)
(21)

for (N-state)

for (S-state) (22)
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characteristics is used: K, m,
m , m, , .

Curve 2 was measured for the same sample postannealed at
200 C in molecular oxygen and then slowly cooled down.
After annealing, the residual resistance decreased, though the
surface resistance near became higher. This behavior is
described by corresponding change of the model parameters

and .
The model uses dependence of on frequency, which

is in a good agreement with the experiment and the theory
[13], [38], [39] and can be actually observed in the case of
good quality samples. If the samples contain some normally
conducting inclusions or intergranular Josephson-like weak
links, the frequency dependence of becomes weaker than

and should be specially described by suitable models (e.g.,
[11], [12]). This problem lays out of the scope of this paper.

VIII. PROPAGATION PARAMETERS OF MICROSTRIP

AND COPLANAR LINES BASED ON THE HTS FILMS

Propagation parameters of a transmission line are the phase
velocity and the attenuation coefficient. The phase velocity
is determined by the inductance and the capacitance per unit
length of the line

(23)

and is often presented in the form

(24)

where is the light velocity in the free space, and is the
effective dielectric constant of the line.

In the case of a superconducting transmission line, the
total inductance per unit length is the sum of the geometric
inductance and the kinetic inductance :

(25)

The geometric inductance related to the external magnetic
field is determined by the geometry of the line. The kinetic
inductance is determined by the transport properties of the
charge carriers in the superconducting parts of the line and
depends sufficiently on a nonhomogeneity of a surface current
density distribution across the conductor.

Comparing (23)–(25), one can find the effective dielectric
constant of the superconducting transmission line as

(26)

The effective dielectric constant for a microstrip line or
a coplanar waveguide can be calculated with essential accuracy
using known expressions published elsewhere. The surface
kinetic inductance can be found from (22) while presenting

(27)

The attenuation in a transmission line caused by loss in
conductors is determined by the known expression

(28)

(a)

(b)

Fig. 5. Surface current density distribution in the conductors of (a) HTS
microstrip line and (b) HTS coplanar waveguide.

where is the resistance per unit length and

(29)

is the wave impedance of the line.
The real and imaginary parts of the line impedance per

unit length depend on the surface current density distribution
across the conductor of the line. Fig. 5 illustrates the current
distribution in the conductors of the microstrip line and the
coplanar waveguide. The surface current density distribution
in superconducting transmission lines was widely investigated
and modeled [40]–[42]. We use the magnetostatic approach in
order to obtain simple analytical formulas describing current
distribution across the microstrip line [43] and the coplanar
waveguide [44]. It is suggested that the current density at the
edges is homogeneous on the distance of, as illustrated
by Fig. 5. The edge penetration depth 2 is related to the
London penetration depth as

(30)

2In more general consideration,�? was introduced as a penetration depth in
a thin film around the magnetic vortex and is known as the Pearl’s penetration
depth [45].
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This approach allows one to obtain simple and correct
formulas for propagation parameters of the lines.

Taking into account the surface current density [43],
[44], one obtains the real and imaginary parts of the line
impedance per unit length

(31)

(32)

Here, is the total current which flows along the line.

A. Microstrip Line

The resistance per unit length for an HTS microstrip
line is determined by the strip surface resistance and
the ground plane surface resistance

(33)

where and are the surface current dis-
tributions in the strip and the ground plane correspondingly.
After integration, (33) can be presented as

(34)

where

(35)

(36)

The reactance per unit length for the HTS microstrip line
in accordance with (27) and (32) is

(37)

Here, we neglect the contribution from the ground plane.
Expression (37) is followed by the kinetic reactance per

unit length

(38)

Using (26) and (38), one can obtain the expression for the
effective dielectric constant

(39)

Fig. 6. The contribution of the kinetic inductance into the effective dielectric
constant versus temperature (�L(0) = 0:15�m, 
 = 1:5).

where

(40)

Influence of the kinetic inductance is noticeable at temper-
ature and it is more pronounced for narrow lines,
which is illustrated in Fig. 6.

B. Coplanar Waveguide

The resistance per unit length for the HTS coplanar wave-
guide can be presented as a sum of the resistances of the central
conductor and of the ground plane as follows:

(41)

where

(42)

(43)

(44)

is the complete elliptic integral of the first kind.
The kinetic inductance per unit length and the effective

dielectric constant of the HTS coplanar waveguide are de-
termined by (38) and (39) with taken from (42).

The suggested model for propagation parameters of the
HTS microstrip line and the HTS coplanar waveguide is valid
while is much less than the skin penetration depth, i.e.,
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(a)

(b)

Fig. 7. Experimentally obtained and simulated dependencies of (a) resonant
frequency and (b) loadedQ-factor on temperature for the HTS microstrip
resonator. The model parametersTc = 88 K, d = 0:2 �m, �n(1) = 3 � 106

(
 � m)�1, �L(0) = 0:16 �m, 
 = 1:5, and� = 20 are used.

for high- superconductors, the approximation is suitable
up to 100 GHz. The validity of the model was checked by
comparison with the results of numerical calculations of the
resistance per unit length for HTS microstrip line [41], [42]
and coplanar waveguide [44], [46]. High accuracy of the model
was exhibited in spite of the simplifications assumed.

IX. EXAMPLES OF APPLICATIONS OF THEMODEL DEVELOPED

In practice, it is important to take into account specific
microwave properties of HTS materials such as temperature
behavior of penetration depth and a value of the residual
resistance. A good illustration of this point is given by the
temperature-dependent frequency response of resonators and
filters. Resonator measurements are widely used for determina-
tion of the temperature dependence of the London penetration
depth. In the majority of experiments, it was shown that
this dependence differs from the two-fluid model suitable
for low-temperature superconductors. Nevertheless, regarding
full-wave analysis, the classical two-fluid model ( ) can
still be found in literature. Therefore, rigorous calculations
based on physically incorrect models may give a significant

(a)

(b)

Fig. 8. Experimentally obtained and simulated dependencies of (a) resonant
frequency and (b) insertion loss on temperature for the HTS coplanar wave-
guide The model parametersTc = 89:5 K, d = 0:35 �m, �n(1) = 2:6 �106

(
 � m)�1, �L(0) = 0:15 �m, 
 = 1:3, and� = 8 are used. The dielectric
constant of MgO atT = 300 K, "r = 9:77.

discrepancy with experimental data, though mathematically
they would seem to be correct.

For a simulation of characteristics of microstrip and copla-
nar resonators, we used the considered above model of the
propagation parameters of the HTS transmission lines. The
simulation makes use of-parameters additionally taking into
account the temperature dependence of copper conductivity,
dielectric permittivity, and tangent of dielectric losses of
substrate, and change of linear sizes of substrate due to cooling
[47]. The results of simulation have been verified by measure-
ments of the resonant characteristics in a wide temperature
range. The experimental setup includes the Wiltron 360 B
Network Analyzer and a closed-cycle cryocooler.

The microstrip resonator with YBCO film strip and copper
ground plane was manufactured on a sapphire substrate. The
resonator has 5.78-mm length, 0.5-mm width, and 0.352-mm
coupling gaps. Fig. 7 shows the temperature dependence of
the resonant frequency and the loadedfactor.

The simulation of the resonator takes into account
anisotropic dielectric permittivity of sapphire [48], [49]. The
accurate model of the coupling gap [50] is used.
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The coplanar waveguide YBCO resonator on an MgO
substrate have been also simulated and measured [51]. The
resonator is 5-mm long, the width of the central conductor
is 110 m, the gaps are 50-m wide. The coupling gaps are
0.5-mm long. We used an accurate model for the coupling gap
[52]. The measured and simulated temperature dependencies of
the resonant frequency and insertion loss of the HTS coplanar
resonator are shown in Fig. 8.

As seen from Figs. 7(a) and 8(a), the use of the exponents
(microstrip resonator) and (coplanar-

waveguide resonator) in the model of the surface resistance
of the HTS film allows one to obtain a precise dependence of
the resonant frequency on temperature. A high accuracy of the
model of the attenuation coefficient is collaborated by a good
agreement between measured and simulated characteristics
of the loaded factor [Fig. 7(b)] and insertion loss at the
resonant frequency [Fig. 8(b)] versus temperature.

X. CONCLUSION

The simple and correct formulas have been developed for
the surface impedance of HTS films at microwaves and the
propagation characteristics of the HTS microstrip line and
coplanar waveguide. The formulas can be considered as a
starting point for a formation of a CAD package of HTS
microwave components and devices. The first results in a
development of the CAD of passive HTS microwave devices
are already obtained [36], [53] and could be widely used.
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